Abstract. Left-invariant Cotton solitons on homogeneous manifolds are determined. Moreover, algebraic Cotton solitons are studied providing examples of non-invariant Cotton solitons, both in the Riemannian and Lorentzian homogeneous settings.
Introduction
The objective of the different geometric evolution equations is to improve a given metric by considering a flow associated to the geometric object under consideration. The Ricci, Yamabe and mean curvature flows are examples extensively studied in the literature. Under suitable conditions the Ricci flow evolves an initial metric to an Einstein metric while the Yamabe flow evolves an initial metric to a new one with constant scalar curvature within the same conformal class. Cotton, Yamabe and Ricci flows have many physical applications (we refer to [14, 15, 17] and the references therein for more information). There are however certain metrics which, instead of evolving by the flow, remain invariant. Such is the case of those solitons associated to self-similar solutions of the flow.
In the study of conformal geometry in dimensions greater than three the Weyl tensor plays a distinguished role, since its nullity characterizes local conformal flatness. The three-dimensional case must be studied in a different way due to the fact that the Weyl tensor vanishes identically. Moreover, the whole curvature is completely determined by the Ricci tensor, ρ. Local conformal flatness is characterized in dimension three by the fact that the Schouten tensor, defined by S ij = ρ ij − τ 4 g ij where τ denotes the scalar curvature, is a Codazzi tensor, or equivalently the Cotton tensor C ijk = (∇ i S) jk − (∇ j S) ik , which is the unique conformal invariant in dimension three, vanishes. We refer to [3, 16, 25] and the references therein for more information on the usefulness of the Cotton tensor in describing the geometry of three-dimensional manifolds.
The Cotton tensor appears naturally in many physical contexts [11, 12] , specially in Chern-Simons theory [13] or topologically massive gravity [1, 9, 17] . In particular, field equation in topologically massive gravity implies a proportionality between the Einstein and Cotton tensors. The fact that the Einstein tensor consists of second order derivatives on the metric whereas the Cotton tensor is of order three implies that an exact solution of this field equation is difficult to find in general. Indeed, most of the solutions for the field equation in topological massive gravity are constructed on homogeneous spaces.
In [2] a new geometric flow based on the conformally invariant Cotton tensor was introduced. A Cotton flow is a one-parameter family g(t) of three-dimensional metrics satisfying (1) ∂ ∂t g(t) = −λ C g(t) ,
where C g(t) is the (0, 2)-Cotton tensor corresponding to the metric g(t), obtained from the (0, 3)-Cotton tensor by means of the ⋆-Hodge operator, and given by
where ǫ ijk denotes the Levi-Civita permutation symbol (ǫ 123 = 1). When comparing with the Yamabe flow, the Cotton flow has in some sense an opposite behaviour since the Cotton flow changes the conformal class except in the conformally flat case. The genuine fixed points of the Cotton flow are the locally conformally flat metrics. However there exist other geometric fixed points, which correspond to Cotton solitons. A pseudo-Riemannian manifold (M, g) is a Cotton soliton if it admits a vector field X such that
where L X denotes the Lie derivative in the direction of the vector field X and λ is a real number. A Cotton soliton is said to be shrinking, steady or expanding, respectively, if λ > 0, λ = 0 or λ < 0. Since there is no ambiguity, we call Cotton soliton both to the pseudo-Riemannian manifold (M, g) and to the vector field X. Cotton solitons are closely related to Ricci and Yamabe solitons, which are defined by L X g + ρ = λg and L X g = (τ − λ)g, respectively. In particular, if (M, g) is a locally conformally flat homogeneous manifold then the class of Cotton solitons coincides with the class of Yamabe solitons (see for example [8] ). In such a case the Cotton soliton is said to be trivial. On the other hand, if (M, g) is a Lorentzian manifold which satisfies the field equation of a Topologically Massive Gravity space then (M, g) is a Ricci soliton if and only if it is a Cotton soliton [17] .
In Riemannian signature, any compact Cotton soliton is locally conformally flat, while compact Lorentzian examples are available in the non locally conformally flat setting [7] . Moreover, the fact that any left-invariant homogeneous Ricci or Yamabe soliton on a three-dimensional Riemannian Lie group is flat, while nonflat examples exist in the Lorentzian signature (see [4, 8] ), motivates a study of homogeneous Cotton solitons in the Lorentzian setting.
Complete and simply connected three-dimensional Lorentzian homogeneous manifolds are either symmetric or a Lie group with a left-invariant Lorentzian metric [6] . Since three-dimensional locally symmetric Lorentzian manifolds are locally conformally flat, the purpose of this paper is twofold. Firstly, to classify invariant homogeneous Cotton solitons on Lie groups. Secondly, to determine algebraic Cotton solitons on Lie groups and use them in order to obtain new examples of non-invariant Cotton solitons on homogeneous manifolds, both in the Riemannian and Lorentzian settings.
Conventions and structure of the paper. Throughout this paper, (M, g) denotes a three-dimensional pseudo-Riemannian manifold and (G, g) denotes a threedimensional Lie group equipped with a left-invariant metric; as usual, R stands for the curvature tensor taken with the sign convention
where ∇ denotes the Levi-Civita connection. The Ricci tensor, ρ, and the corresponding Ricci operator, ρ, are given by ρ(X, Y ) = g( ρ(X), Y ) = trace{Z → R(X, Z)Y }, and we denote by τ the scalar curvature. Finally, (G, g) is always assumed to be connected and simply connected.
We organize this paper as follows. In Section 2 we review the description of all three-dimensional Lorentzian Lie algebras. We analyze the existence of non-trivial left-invariant Cotton solitons on three-dimensional Lorentzian Lie groups in Section 3. In Section 4 we determine algebraic Cotton solitons on homogeneous manifolds, showing the existence of Cotton solitons which are non-invariant. Finally, in Section 5 examples of non-invariant shrinking and expanding Lorentzian homogeneous Cotton solitons which are non-trivial are constructed on the Heisenberg group and on the E(1, 1) group.
Preliminaries
Let × denote the Lorentzian vector product on R 3 1 induced by the product of the para-quaternions (i.e., e 1 × e 2 = −e 3 , e 2 × e 3 = e 1 , e 3 × e 1 = e 2 , where {e 1 , e 2 , e 3 } is an orthonormal basis of signature (+ + −)). Type Ib. Assume L has a complex eigenvalue. Then, with respect to an orthonormal basis {e 1 , e 2 , e 3 } of signature (+ + −), one has
and thus the corresponding Lie algebra is given by 
and thus the corresponding Lie algebra is given by
(e 2 − e 3 ).
Next we treat the non-unimodular case. First of all, recall that a solvable Lie algebra g belongs to the special class S if [x, y] is a linear combination of x and y for any pair of elements in g. Any left-invariant metric on S is of constant sectional curvature [19, 20] and hence locally conformally flat. Now, consider the unimodular kernel, u = ker(trace ad : g → R). It follows from [10] that nonunimodular Lorentzian Lie algebras not belonging to class S are given, with respect to a suitable basis {e 1 , e 2 , e 3 }, by
where one of the following holds:
IV.1 {e 1 , e 2 , e 3 } is orthonormal with g(e 1 , e 1 ) = −g(e 2 , e 2 ) = −g(e 3 , e 3 ) = −1 and the structure constants satisfy αγ − βδ = 0. IV.2 {e 1 , e 2 , e 3 } is orthonormal with g(e 1 , e 1 ) = g(e 2 , e 2 ) = −g(e 3 , e 3 ) = 1 and the structure constants satisfy αγ + βδ = 0. IV.3 {e 1 , e 2 , e 3 } is pseudo-orthonormal with g(e 1 , e 1 ) = −g(e 2 , e 3 ) = 1 and the structure constants satisfy αγ = 0.
As a matter of notation, henceforth we will write
to represent the Levi-Civita connection corresponding to the left-invariant metric on the Lie group, where {e 1 , e 2 , e 3 } denotes the basis fixed in each case. Moreover, we will denote by X = x i e i = (x 1 , x 2 , x 3 ) a generic vector field expressed in the corresponding basis. Three-dimensional locally conformally flat Lorentzian Lie groups have been studied by Calvaruso in [5] . We translate his classification to our context, in order to fit the notation used throughout this paper. Finally, note that any two vector fields X 1 and X 2 satisfying Equation (2) 
Conversely, adding a homothetic vector field to any Cotton soliton gives another Cotton soliton. As a consequence, if a homogeneous Lorentzian manifold admits two distinct Cotton solitons (i.e., for constants λ 1 = λ 2 ) then it is locally conformally flat and therefore trivial (see [8, 15] for more information on homogeneous manifolds admitting non-Killing homothetic vector fields).
Left-invariant Cotton solitons on Lorentzian Lie groups
Now we consider the existence of left-invariant solutions of Equation (2) on the Lie algebras discussed in Section 2. We completely solve the corresponding equations, obtaining a complete description of all non-trivial left-invariant Cotton solitons.
Since the Cotton tensor is trace-free, if a Killing vector field X satisfies Equation (2) then C = 0 and (M, g) is locally conformally flat. Conversely, if (M, g) is locally conformally flat and homogeneous, then any Cotton soliton is a homothetic vector field and hence it is Killing or otherwise the Ricci operator is two-step nilpotent and (M, g, X) is also a Yamabe soliton [8] . In the homogeneous setting a Cotton soliton is said to be trivial if C = 0. In what follows we will focus on the non-trivial case and therefore we will use repeatedly Lemma 1 to exclude the case of locally conformally flat Lie groups.
As a consequence of our analysis in this section the following geometric characterization of Lorentzian Lie groups admitting invariant Cotton solitons will be obtained.
Theorem 2. A Lorentzian Lie group (G, g) admits a non-trivial left-invariant Cotton soliton if and only if the Cotton operator is nilpotent.
Previous result remarks the difference between the Riemannian and Lorentzian settings, since any nilpotent self-adjoint operator vanishes identically in the Riemannian category.
3.1. Unimodular case. In this subsection we consider the existence of left-invariant Cotton solitons on three-dimensional unimodular Lorentzian Lie groups whose corresponding Lie algebras were introduced in Section 2.
3.1.1. Type Ia. In this first case the Levi-Civita connection is determined by
expressions which, for a left-invariant vector field X = x i e i , allow us to calculate the non-zero terms in the Lie derivative of the metric, L X g, given by
and also to determine the non-zero components of the Cotton tensor, C, as (4)
In this first case we show that left-invariant Cotton solitons are necessarily trivial.
Theorem 3. If a Type Ia unimodular Lorentzian Lie group is a left-invariant Cotton soliton then it is necessarily trivial.
Proof. From Equations (3) and (4), a left-invariant vector field X = (x 1 , x 2 , x 3 ) is a Cotton soliton if and only if
Note that the first equation in (5) implies that the existence of non-zero Cotton solitons is possible only if α = β, or α = γ, or β = γ. Next assume that α = β (the study of the other two cases is analogous). Under this condition, again the first equation in (5) implies that either β = γ or x 1 = x 2 = 0. In the first case, if β = γ, the Lie group is of constant sectional curvature − α 2 4 . In the second case, if
and it follows that if β = γ then necessarily γ = 0 and the Lie group is flat. We conclude that, in any case, the Cotton soliton is trivial.
3.1.2. Type Ib. The Levi-Civita connection is determined by
, and a straightforward calculation shows that the Lie derivative of the metric is determined by (6) (
while the Cotton tensor is characterized by (7)
As in the Type Ia unimodular case, we do not obtain non-trivial left-invariant Cotton solitons in this second case.
Theorem 4. A Type Ib unimodular Lorentzian Lie group does not admit any nonzero left-invariant Cotton soliton.
Proof. For a left-invariant vector field X = (x 1 , x 2 , x 3 ), Equations (6) and (7) imply that X is a Cotton soliton if and only if
Note that β = 0. Hence, the first equation in (8) implies that
and, as a consequence, the second equation in (8) is equivalent to
2 ) = 0. Therefore, it follows that x 3 = 0 and hence x 2 = 0. Finally, from the last two equations in (8) one obtains x 1 = 0, and this ends the proof. 
Moreover, the Cotton tensor is determined by (10)
Next we determine the left-invariant Cotton solitons in the Type II unimodular case.
Theorem 5. A unimodular Lorentzian Lie group (G, g) of Type II admits nontrivial left-invariant Cotton solitons if and only if one of the following conditions holds:
(i) α = β = 0, and then G = O (1, 2) or G = SL(2, R), (ii) α = 0 = β, and then G = E (1, 1) . Moreover, in these cases, the Cotton solitons are always steady and respectively given by:
, where κ ∈ R.
(ii) X = 2β 2 e 1 .
Proof. Considering Equations (9) and (10), the Cotton soliton condition for a leftinvariant vector field X = (x 1 , x 2 , x 3 ) can be expressed as
Adding the first and the second equations in (11) we obtain (α − β)(x 2 − x 3 ) = 0. Hence, either α = β or x 2 = x 3 . Suppose first that α = β; in this case, the fourth equation in (11) implies that λ = 0. Now, the first equation in (11) leads to x 2 = x 3 and finally the last equation in (11) implies that
With this set of conditions Equation (11) holds and the Cotton soliton is non-trivial whenever α = β = 0, which shows (i).
Next we analyze the case x 2 = x 3 , with α = β. In this case, the first equation in (11) implies that x 3 (α − β) = 0 and hence x 3 = 0. On the other hand, from the fourth equation in (11) we have λ = α 2 (α − β). Moreover, from the last two equations in (11) one easily obtains α 2 (α − β) = 0, and therefore α = 0. Finally, Equation (11) reduces to x 1 = 2β 2 , which shows (ii). β 2 e 1 + κ(e 2 + e 3 ), κ ∈ R, and hence the dual form X b is given by
A straightforward calculation shows that
and therefore the Cotton soliton is never gradient. Now suppose that α = 0 = β; in this second case, the left-invariant Cotton soliton is given by X = 2β 2 e 1 . The dual form is
and, as a consequence, dX b = 0. Thus we conclude that there exists a smooth function f such that X = ∇f . and hence the Lie derivative of the metric is given by
while the Cotton tensor is characterized by
For this case, we get the following.
Theorem 7. A unimodular Lorentzian Lie group (G, g) of Type III admits nontrivial left-invariant Cotton solitons if and only if α = 0, and then
Moreover, in such a case, the Cotton soliton is steady and given by
Proof. For a left-invariant vector field X = (x 1 , x 2 , x 3 ), Equations (12) and (13) imply that X is a Cotton soliton if and only if (14)
If α = 0, then it follows from Equation (14) that the Lie group does not admit any non-zero left-invariant Cotton soliton. Next suppose that α = 0. The first equation in (14) implies that x 1 = − 3α 2 2 and the second equation in (14) implies that
. Now, from the last two equations in (14) we get λ = 0 and
, from where the result follows.
Remark 8.
A unimodular Lorentzian Lie group of Type III does not admit any left-invariant gradient Cotton soliton. Indeed, considering the Cotton soliton determined in Theorem 7, the dual form X b is given by
and a straightforward calculation shows that
Hence, the Cotton soliton X is not gradient.
3.2.
Non-unimodular case. In this subsection the existence of left-invariant Cotton solitons on three-dimensional non-unimodular Lorentzian Lie groups is considered; the corresponding Lie algebras were introduced in Section 2. We exclude the study of Type S, since any Lie group of that type is of constant sectional curvature and it does not admit any non-zero Cotton soliton. Next we show that in any other non-unimodular case the Cotton solitons are trivial. 
Moreover, the Cotton tensor is determined by (16)
. We show the non-existence of non-trivial left-invariant Cotton solitons in this case in the following result.
Theorem 9. If a Type IV.1 non-unimodular Lorentzian Lie group is a left-invariant Cotton soliton then it is necessarily trivial.
Proof. Throughout the proof recall that αγ − βδ = 0 and α + δ = 0. Equations (15) and (16) 
We analyze first the case α = 0; in this case, β = 0 and δ = 0. The second equation in (17) implies that x 2 = 0. On the other hand, the fourth equation in (17) 2 and hence the Cotton soliton is trivial.
Next we consider the case δ = 0 in Equation (18) and therefore γ = 0. The fourth equation in (17) is equivalent to βx 3 = 0. Now, for β = 0 the Lie group is locally conformally flat and hence the Cotton soliton is trivial. On the other hand, if x 3 = 0 and β = 0 then Equation (17) reduces to
Therefore α 2 − β 2 = 0, which shows that the Lie group is of constant sectional curvature and the Cotton soliton is again trivial.
Finally, we analyze the case x 2 = 0 in Equation (18); we assume δ = 0 and α 2 − β 2 = 0 to avoid the previous cases. Note that, in this case, x 1 = 0 and the fourth equation in (17) transforms into
If α = δ then Equation (17) reduces to λ = 0 and δx 3 = 0; hence x 3 = 0 and the Cotton soliton is zero. Therefore, we assume α = δ and we have δ α 2 − β 2 +βx 3 = 0. Note that β must be non-zero since we are assuming δ(α 2 − β 2 ) = 0. Thus,
and from the third equation in (17) we have
and Equation (17) reduces to
Now, it follows that α 2 + β 2 α 2 − δ 2 = 0, which is a contradiction, and this ends the proof. 
respectively. Now, the Cotton tensor is given by (20)
For this case we have the following.
Theorem 10. If a Type IV.2 non-unimodular Lorentzian Lie group is a leftinvariant Cotton soliton then it is necessarily trivial.
Proof. Throughout the proof recall that αγ + βδ = 0 and α + δ = 0. For a leftinvariant vector field X = (x 1 , x 2 , x 3 ), Equations (19) and (20) imply that X is a Cotton soliton if and only if
Assume first that α = 0. In this case, β = 0 and δ = 0, and from the third and fifth equations in (21) one obtains γ γ 2 + δ 2 = 0. Therefore γ = 0 and the Lie group is locally conformally flat; thus the left-invariant Cotton soliton is trivial.
Next suppose that α = 0. Hence γ = − (21) reduces to βx 3 = 0. Note that if x 3 = 0 then Equation (21) reduces to
which implies that β = 0. Hence, in any case, necessarily β = 0, and it follows that the Lie group is locally conformally flat. Thus the Cotton soliton is trivial. Finally, we analyze the case x 2 = 0 in Equation (22); we assume δ = 0 to avoid the previous case. Note that, in this case, x 1 = 0 and the fourth equation in (21) is equivalent to
If α = δ then Equation (21) reduces to λ = 0 and δx 3 = 0; hence x 3 = 0 and the Cotton soliton is zero. Now, if α = δ then δ(α 2 + β 2 ) + βx 3 = 0. Note that β must be non-zero since we are assuming that δ = 0. Thus,
2 ) β and the third equation in (21) implies that
Now, Equation (21) reduces to
and it follows that (α − β)(α + β)(α − δ)(α + δ) = 0. Since we are assuming that α = δ and, moreover, α + δ = 0, then we have α = ±β and in such a case the above system of equations has no solution (since δ = 0). This ends the proof. 
and (24)
Next we show that left-invariant Cotton solitons reduce to left-invariant Yamabe solitons in this case.
Theorem 11. If a Type IV.3 non-unimodular Lorentzian Lie group is a leftinvariant Cotton soliton then it is necessarily trivial.
Proof. Using Equations (23) and (24) 
Recall that αγ = 0 and α + δ = 0. First, if α = γ = 0 then the Lie group is flat and hence the left-invariant Cotton soliton is trivial. Now, if α = 0 and γ = 0 then the first equation in (25) implies that x 3 = 0, and therefore from the third and fourth equations in (25) we easily obtain that γ = 0, which is a contradiction. Finally, if γ = 0 and α = 0 then the Lie group is locally conformally flat and therefore the left-invariant Cotton soliton is trivial.
Remark 12. In the Riemannian setting, the unimodular Lie groups correspond to Type Ia (just considering the usual cross product induced by the quaternions), while the non-unimodular case corresponds to Type S and Type IV.2 previously discussed [19] . With regard to Types Ia and IV.2, the behaviour is exactly the same in both the Riemannian and the Lorentzian cases, since Theorems 3 and 10 remain true in the Riemannian setting. Thus, since locally symmetric spaces and Lie groups of Type S are locally conformally flat, one has that three-dimensional homogeneous Riemannian manifolds do not admit any non-trivial left-invariant Cotton soliton. Hence, any left-invariant Riemannian Cotton soliton is a Yamabe soliton, and in Riemannian signature this implies the flatness of the manifold.
Let H 3 be the Heisenberg group and consider on H 3 the left-invariant metric given by g = dx 2 + dy 2 + (dz − xdy) 2 . Proceeding as in Section 5 it is obtained that (H 3 , g) is a shrinking non-invariant Riemannian Cotton soliton which is not trivial. Next we show that the algebraic Cotton soliton condition is stronger than the Cotton soliton one.
Proposition 13. Let (G, g) be a simply connected Lie group endowed with a leftinvariant Lorentzian metric g. If (G, g) is an algebraic Cotton soliton, i.e. it satisfies Equation (26), then it is a Cotton soliton such that a vector field solving Equation (2) is given by
where e denotes the identity element of G.
Proof. Let (G, g) be an algebraic Cotton soliton, i.e. C = λ Id +D, let {e i } denote a pseudo-orthonormal basis and define a one-parameter family of automorphisms ϕ t by setting dϕ t | e = exp t 2 D . Considering the vector field X given by X = d dt | t=0 ϕ t (p) a direct calculation shows that the Lie derivative in the direction of X is given by
C(e i , e j ) = 1 2 g( C(e i ), e j ) + g(e i , C(e j )) = 1 2 (g((λ Id +D)(e i ), e j ) + g(e i , (λ Id +D)(e j ))) = λ g(e i , e j ) + (L X g) (e i , e j ), which shows that (G, g, X) is a Cotton soliton In view of the proposition above it seems natural to ask whether a Cotton soliton on a Lie group comes from an algebraic Cotton soliton or not. The remaining of this section is devoted to clarify this question. In this sense, the next theorem shows how algebraic Cotton solitons allow constructing non-invariant Cotton solitons. Proof. We analyze the existence of algebraic Cotton solitons on a three-dimensional Lorentzian Lie algebra. To do that, it is sufficient to study when an operator D of the form D = C − λ Id is a derivation on a Lie algebra g.
We start with Type Ia. From Equation (4) it is easy to get that D = C − λ Id is a derivation if and only if
If all the structure constants vanish then the Lie algebra is abelian and hence the algebraic Cotton soliton is trivial. Hence, we assume that at least one of them is non-zero, for instance γ = 0. Thus, from the first equation in (27) we obtain that
A first non-trivial solution is obtained taking α = β = 0 and λ = −2γ 3 . For α = 0 and β = 0 a straightforward calculation shows that α = γ, and in this case the manifold is locally conformally flat. The same conclusion is obtained for α = 0 and β = 0. Finally, assume α = 0 = β. If α = γ or β = γ or α = β Equation (28) implies that α = β = γ and therefore the sectional curvature is constant; thus the manifold is locally conformally flat. If α = β = γ = α the Equation (28) reduces to From this last equation we get (α − β) 2 + 3γ 2 = 0, which is a contradiction. Proceeding in an analogous way for α = 0 or β = 0 (i) is obtained.
We consider now the Type Ib. From Equation (7), and taking into account that β = 0, it follows that D = C − λ Id is a derivation if and only if A long but straightforward calculation shows that α = −2γ and β = ± √ 3γ, and in this case the manifold is locally conformally flat.
The remaining types of three-dimensional Lorentzian Lie algebras do not provide non-trivial algebraic Cotton solitons. The proof is obtained by proceeding as in the previous cases. We omit the details for sake of brevity since the calculations are standard. Remark 15. Case (i) in Theorem 14 is the Lie algebra associated to the Heisenberg group, while case (ii) corresponds to the Lie algebra associated to the solvable Lie group E(1, 1). An analogous treatment can be done in the Riemannian case to show that only the Riemmanian Heisenberg group admits algebraic Cotton solitons. In this sense, in [7] the authors obtained the Cotton soliton associated to the Riemannian algebraic Cotton soliton on the Heisenberg group. E(1, 1) . The Lie group E(1, 1) admits two kinds of algebraic Cotton solitons (up to some sign ε = ±1, see Theorem 14) and therefore it can be equipped with a left-invariant metric with non-nilpotent Cotton operator admitting some Cotton soliton. Moreover, these Cotton solitons will be necessarily non-invariant (see Theorem 2) .
Non-invariant Cotton solitons on
For our purpose we consider the frame [22] E 1 = ∂ x , E 2 = 1 2 e x ∂ y + e −x ∂ z , E 3 = 1 2 e x ∂ y − e −x ∂ z and the associated coframe given by E 1 = dx, E 2 = e −x dy + e x dz, E 3 = e −x dy − e x dz.
Henceforth we consider left-invariant metrics corresponding to Theorem 14-(ii). First, we take the metric g 1 given by
or in local coordinates g 1 = 2 3 dx 2 + (2 √ 6 − 4)e −2x dy 2 − (2 √ 6 + 4)e 2x dz 2 + 4dydz.
